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1. Introduction

What is extreme residual dependence? Let us start by reminding the extreme
value dependence in multivariate extreme value theory (EVT).

In a two-dimensional setup, we consider a random vector (X, X2) with dis-
tribution function F. Denote its independent and identical distributed (i.i.d.)

copies as (X{l), Xél)), (Xl(z), XSQ)L -+ +. We take partial maxima for each marginal
as M; , = maxi<j<n Xij)7 for ¢ = 1, 2. Multivariate EVT assumes the following

limit relation: there exist sequences of constants a;, > 0, b;,, € R for ¢ = 1,2
and a distribution function G with nondegenerate marginals, such that
M2,n - bQ,n

(J\/[ln_bln <X, ——— §$2> = G(z1,22), (1)

ai,n az.n

lim P

n—oo

for all continuity points (z1,z2) of G. Then, the distribution function F is
in the domain of attraction of a multivariate extreme value distribution G.
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Equivalently, there exists real value functions a;(t) > 0 and b;(t) for i = 1,2
such that

Xi=bi(t)  Xa—bo(t)
a® T T a0

for all continuity points (z1,z2) of G.

Let F;,7 = 1,2 be the marginal distribution functions of F. Suppose F; is a
continuous distribution function. Multivariate EVT shows that, the necessary
and sufficient condition for F' being in the domain of attraction can be separated
into two parts: each marginal distribution F; belongs to the domain of attraction
as in univariate EVT with extreme value index 7; (for details on the univariate
condition, see Theorem 1.1.6 in de Haan and Ferreira [2006]); the dependence
structure satisfies: given any (x1, z2) for which 0 < Go(x1,22) < 1,

1 1
li 1—-P(— < [ = —1
tg(r)l()]f( (1—F1(X1) _txl’l—FQ(Xg) _tu)) OgGo(m,xQ)(, |
3

where Go(z1,22) = G (%, %) . Denote X; = #(X) for i = 1,2. Then

the marginal distributions of (X' 1, Xg) are both standard Pareto distribution,
i.e. P(X; > x) = 1/x, for x > 1, which does not contain marginal information
of (X1, X5). Hence, the relation (3) based on (X, X5) is a condition only on
the extreme dependence of (X1, X2). Thus Go(z,y) characterizes the structure
of extreme value dependence.

The extreme value dependence can be further decomposed as follows. Con-
dition (3) holds if and only if there exists a measure v on Ri such that for
r1,29 >0

lim tP (

t—oo

> x) — logGlavm).  (2)

—log Go(z1,22) = v {(u,v) :u>2x1 or v > 22}. (4)
Then for any Borel set A C Ri with inf ;. +,yea 1V 22 > 0 and any a > 0,
v(aA) = a 'v(A). (5)

The measure v is called the exponent measure. It has the following representa-
tion: there exists a probability measure H on [0, 1] with mean 1/2, such that

1

V{(u,v):u>x10rv>x2}:2/0 %\/ wH(dw) (6)

T2
The measure H is called the spectral measure. The limiting distribution Gy in
(3) is determined by either v or H.

Conversely, any exponent measures v satisfying (5) or any probability mea-
sures H on [0, 1] with mean 1/2 occur as in (3)-(6). This can be seen by choosing

U, =2RO,
Us —2R(1-6), (7)

where R and © are independent random variables with the distribution functions
P(R>r)=1forr>1and P(© < w) = H(w) for w € [0,1]. To see this,
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firstly check that Fy,(x) := P(U; < ) = 1— 1/, for z > 2, i = 1,2. Thus

% =z, for x > 2. Next, check for any z1, 25 > 0,
1
. w 1—w
Jlim ¢P (2RO > tay or 2R(1 — ©) > ta») = 2/0 o \V - H(dw).

Then it is obvious that the random vector (U, Us) belongs to the domain of
attraction with spectral measure H. For details, see de Haan and Resnick [1977]
and de Haan and Ferreira [2006].

A special case occurs when the spectral measure H is concentrated on the
points {0} and {1} with measure 1/2 each. In that case,

1 1

v{(u,v) :u >z 0or v>a}= x—l—i—m—Z =v{(u,v) :u>z }+v{(u,v) : v >z},
for &1, x5 > 0, i.e. the exponent measure v is concentrated on the coordinates.
This additive property translates into a product property for the limit distri-
bution function Gy in (3), i.e. the distribution function Gy, hence G, is the
product of two marginal distributions. This phenomenon is called asymptotic
independence (cf. Geffroy [1958] and Sibuya [1960]). Furthermore, we get

tlim tP (X'l > tz; and X > tl’g) =v{(u,v):u>z and v>a9}) =0,
for 21,2 > 0. Hence no asymptotic information about sets of the form {(u,v) : u > x1 and v > 3}
is obtained.

Ledford and Tawn in a series of papers Ledford and Tawn [1996, 1997, 1998,
2003] have filled in the gap by introducing an additional natural assumption

that for some 0 < 7 < 1 and all 1,25 > 0, P (Xl > txq and Xg > txg) is a

regularly varying function with index —1/n. Such an extra assumption is closely
related to the second order condition introduced by de Haan and Resnick [1993].

In multivariate EVT, the second order condition characterizes the speed of
convergence in (2) as follows: there exists a non constant function 1 (x1,z2) and
a positive function A(t) — 0 as t — oo, such that

i tP (Xlaj?tl)(t) > 1 or Xgé’f)(t) > :c2> +log G(z1, x2)
im

o A(t)

= (21, T2) < 00,

(8)
holds locally uniformly for 0 < z1,2z5 < oo. This is a generalization of the
second order condition in univariate case, see de Haan and Stadtmiiller [1996].
The second order condition implies that A(t) is a regularly varying function
with index p < 0. Similar to the first order case, the second order condition (8)
implies that each marginal distribution F; satisfies the univariate second order
condition and, jointly, the dependence structure satisfies:

t (1 — P (Xl < t.l?l,XQ < t.Z‘g)) + logGo(l‘l,l‘g)
tlggo A(t) = ¢0($1a$2)a
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where g (z1, 22) =9 (

sure v, we have

) . With the notation of the exponent mea-

tP (Xl > try, Xo > tx2> —v{(u,v):u>2z and v > a9}

lim exists.
A A(t)
In the asymptotic independence case, this is simplified to
P(Xl >t1’1,X2 >tl’2>
lim exists positive. 9)

t—o Q(t)

where Q(t) := A(t)/t is a positive regularly varying function with index p—1 <
—1. By defining n = ﬁ7 the regularly varying index of Q(t) is then —1/7.
Hence, we get the same setup as Ledford and Tawn model.

We call that there is extreme residual dependence if (X, X2) belongs to the
domain of attraction of a bivariate extreme value distribution, they are asymp-
totic independent, and the condition (9) holds. The name residual dependence
reflects that after eliminating the basic independence, there is still notable de-
pendence for the residual part. The parameter 7 is called the extreme residual
coefficient. An example is the bivariate normal distribution with correlation
coefficient r less than one. In this case n = (1 +7r)/2.

There are quite a few papers on the "Ledford and Tawn model” in R?. For
instance, extreme residual dependence has been discussed under the name ”hid-
den regularly variation” in Resnick [2002], Maulik and Resnick [2004], Heffernan
and Resnick [2005]. Draisma et al. [2004] study the estimation of the extreme
residual coefficient. For application, Poon et al. [2004] apply both extreme value
dependence and extreme residual dependence models in modeling financial re-
turns from major stock indices. By estimating extreme residual coefficient, they
identify asymptotic dependence and asymptotic independence among different
pairs of stock indices.

For the characterization of extreme residual dependence, Ramos and Ledford
[2009] consider bivariate regular variation and give a characterization of extreme
residual dependence in two-dimensional case which relies on a spectral measure
restricted by a normalization condition. Due to the restriction, in application,
it is not straight forward how to verify the normalization condition, how to
simulate random vectors exhibiting extreme residual dependence, and how to
construct examples on extreme residual dependence from their characterization.
Furthermore, although it is stated that the characterization in Ramos and Led-
ford [2009] can be extended to higher dimensional cases, the connection with
higher dimensional EVT is not obvious.

We develop a theory characterizing the extreme residual dependence anal-
ogous to the traditional bivariate EVT as sketched in relations (4)-(6) above.
Moreover, we generalize the Ledford and Tawn assumption into higher dimen-
sional Euclidean spaces as well as in the context of stochastic processes. i.e.
the infinite-dimensional case. The generalization is not trivial in the following
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sense. In R?, the Ledford and Tawn assumption on extreme residual dependence
implies a unique asymptotic independence structure on v or H: v must concen-
trates on the coordinates axes while H must concentrate on two points {0} and
{1}. However, in higher dimensional case and in the stochastic process context,
an analog of the Ledford and Tawn model does not correspond to a unique ex-
treme value dependence structure exhibiting asymptotic independence. Instead,
a variety of potential extreme value dependence structures may occur: asymp-
totic dependence may exist for some subsets of the components of the random
vector but not for all components jointly. We shall derive a full characterization
of the extreme residual dependence in this situation too.

2. Characterization of extreme residual dependence in R?
We start with condition (9). It is equivalent to

. P(Xll/n > tx; and X;/n > txg)
im
t—o00 Q(t"l)

for all x1, 29 > 0. Since Q(t) is a regularly varying function with index —1/n,
Q(t") is a regularly varying function with index —1.

Similar to the two-dimensional EVT, there exists a measure v* on (0, +00)?,
finite on all sets {(u,v) : u > 21 and v > x5} for 21,22 > 0, such that

exists positive,

P(X}" > tw) and X,/" > t
lim (Xy'” >t and X, >IQ):y*{(u,v):u>x1andv>x2}. (10)

t—o0 Q(tn)

Clearly for a > 0 and a Borel set B C (0,+00)? that has a positive distance
from both axes, i.e. inf(,, 4,)ep 21 A x2 > 0, we have that

v*(aB) = a”'v*(B). (11)

Consider the following one-to-one transformation (0, +00)? — (0, 00)x (0, 7/2),

{ r(u,v) = i ) (12)

2 [3eH
el

w(u,v) =
Define for constants » > 0 and w € (0, 1) the set
Byw = {(u,v) € (0,+00) : r(u,v) > r and 0 < w(u,v) < w}.

Notice that v* (B, ) < oo for r > 0 and w € (0, 1), because B, ,, C {(u,v) : u>r and v > r}.
Since B, = rB1,,,, we have that

v (Byw) = T‘_IV*(BLU,).

Set H*(w) := v*(B1,w), for 0 < w < 1. Then H* is a finite measure on (0, 1).
We show that all such measures occur. This is our main result in this section.
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Theorem 2.1. Let (X1,X53) be a random vector belonging to the domain of
attraction of a two-dimensional extreme value distribution. Suppose (X7, X2)
are asymptotically independent with extreme residual dependence structure given
in (10), and a extreme residual coefficient n lying in (1/2,1). Then, there exists
a finite measure H* on (0,1) such that

v {(u,v) :u>x1 and v > x9} = /0 xllw /\ x2(11_ ” H*(dw), (13)

for x1,xo > 0. Conversely, for any finite measure H* on (0,1), the right
hand side of (13) is positive and finite. Moreover, there exists a random vector
(X1, X2) exhibiting asymptotic independence in the two-dimensional EVT setup,
and having extreme residual dependence structure given by (10) and (13).

Proof of Theorem 2.1
Firstly, with the construction of H* above, we prove (13). Notice that for r > 0
and 0 < w < 1, the inverse of the transformation (12) is

r (14)

—w "

—
=
=

g
N~—
|
g%

<
—~
=3
S
~
|
—

The proof of (13) is then by calculation as follows,

v {(u,v) :u >z and v > z9} = V" {(u,v) : ru,v) >z and 1"(u,v)) > mg}

w(u, v) 1—w(u,v

=v" {(u,v) : r(u,v) > zrw(u,v) Vaa(l — w(u,v))}

1
= H*(dw) / —dr
(0,1) r>ziwVes(1-—w) T

1 1
= — N\ —————— H*(dw).
/(071) TiW /\ xo(l — w) (dw)

Conversely, starting with any given finite measure H* on (0, 1), the measure v*
defined via (13) satisfies

1 1
v'{(u,v):u>z; and v > x :/ — N\ —
{(u,v) 1 2} o) 710 N o =)

1
= ——— H"(dw
/(071) 1wV x2(l —w) (dw)

< /( 0 2 H* (dw)

1) T1w + (1 — w)

H* (dw)

g/(( 2 1 (dw)

]71) ./L'l /\ :EQ

2
- H*(0,1) < oo, 15
—H(0.1) <o (15)
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for all z1, 29 > 0. Also, clearly v* satisfies the homogeneity property (11). Next,
we prove that any finite measure H* on (0,1) may occur by constructing a
suitable random vector (Uy,Us) verifying all the requirements.

Our construction is separated into two steps. In the first step we construct a
random vector (7, Z3) satisfying the residual dependence property.

Proposition 2.1. Given any finite measure H* on (0,1), there exists a random
vector (Z1, Zs) such that, for any x1,29 > 0,

1 1
lim tP(Z; >t d Zy > txe) = H*(d 16
S (P2 > b and 2y > ta) = [ TN ) (16

tlim t"P(Z; >t) =0, fori=1,2. (17)

Proof of Proposition 2.1
Consider two independent random variables R* and ©* with distribution func-
tions P(R* > z) = d/x for # > d and P(0* < w) = d~* f(O,w) H*(dw) for
0 <w <1, where d = H*(0,1). Since 1/2 < n < 1, there exists a constant
such that 1 < 8 < 1/n. Let

(18)

We first check relation (16) by calculation:

lim tP(Zl > tr; and Zy > t.Z‘Q)

t—o0o

= lim tP (R* > tx; and R > txy and (R*)? > t(zy Vv zg))

t—o0 C"‘) 1 — C"')*
= lim tE d
==t tz10% V tag(1 — O%) V t1/B (21 V 1) 1/P
1
= lim H*(dw)

t—o0 (0,1) T1W \Y 1’2(1 — w) \Y tl/ﬁ71($1 \Y I'Q)I/ﬁ

:/ ;H*(dw).
0,1) T1w V x2(1 — w)

The final step comes from the Lebesgue dominated convergence theorem and
the fact that the last integral is finite. We finish the proof of the proposition by
verifying relation (17). Since Z; < (R*)P,

limsup t"P(Z; > t) < limsupt"P((R*)" > t)

t—oo t—o0
d
. n
~limse
=0.

Now we go back to the proof of Theorem 2.1. Let (Z1, Z3) be the random
vector constructed in the proof of Proposition 2.1. Let (W7, W5) be independent
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random variables with distribution function P(W; > z) = 1/z for > 1. Let
(Z1,Z3) and (W1, W2) be independent. In the second step we assemble them by
Ui :==W; Vv Z! i=1,2. We show that (Uy,Us) satisfies all the requirements in
Theorem 2.1.

Firstly, we study the marginal distributions of (Uy, Us). Note that, for i = 1,2
and z >0

thm f,P(Ui > t.L“) = tlim tP(Wl \Y ZZ7 > tJ))
= Jlim tP(W; > tx) + tP(Z] > tx) —tP(W,; > tz)P(Z] > tx)
=1/z, (19)

because by (17), only the first term contributes. By denoting Fy, (z) := P(U; <

x), we have that ﬁu(t) ~tast— oo.

Next, we check the extremal dependence structure as in (10) and (13). From
the construction, we have that

tlirn tP(Ull/" >tz and U21/77 > txg)

:tlim tP ({Wll/n > txy or Z1 > tl‘l} and {WQI/77 > txg Or Zo > txg})
:thm tP((Al U Bl) N (A2 @] BQ)),

where the sets are defined as A; := {Wil/77 > txi} and B; := {Z; > tz;}. From

the expansion that
(A1 UB1)N (A2 U Bs) = (A1 A2) U (B1As) U (A1 B2) U (B1Ba),
we get the lower and upper bound for P((A; U By) N (A2 U By)) as
P(B1Bs) < P((A1UB1)N(A2UBy)) < P(ByB2)+P(ByAs)+P(A; By)+P(A; Ap).

Proposition 2.1 shows that as ¢t — oo, tP(B;Bs) converges as in (16). To prove
that tP((A; U B1) N (A2 U Bg)) converges to the same limit, we only need to
verify that as ¢ — oo, tP(B1As), tP(A;By) and tP(A; As) converge to 0. Since
the random vectors (W1, Wa2) and (Z1, Z3) are independent, considering (17)
and the distribution function of W;, we get that
thm tP(BlAg) = thm tP(Zl > t:El)P(WQ > tn.i?g)
= tlim t-o(t™MO@R™) = tlim t7270(1) = 0,

due to 1/2 < n < 1. Similarly, we get that lim; o, tP(A41 B2) = 0. Furthermore,

since W7 and W5 are independent, we get that

Jim tP(A;1Az) = lim ¢~ O(t™")O(t™") = lim t7210(1) = 0.

t—o0
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Therefore, we proved that (cf. (16))

flim tP(Ull/n >tz and U21/n > tag) = flim tP(Zy >tz and Zy > txg)
1 1
—_— — H*(dw). (20
/(071) T1W /\ xo(1 — w) (dw). (20)

Together with the fact that ﬁu(t) ~ t as t — oo, relation (20) is equivalent

to the extreme residual dependence condition (9).

In the last step, we check that (Uy,Us) belongs to the domain of attraction
of a two-dimensional extreme value distribution with asymptotic independence.
Write

tP(Ul > txq or Uy > lf.%'g) ZtP(Ul > txl) +tP(U2 > tSCQ)
— tP(Ul > txy, and Uy > t$2).

From (20) and (19), the extreme value dependence structure is obvious.

Remark 2.1. Combining (10) and (13), we get that

. P(Xl > tﬁC17X2 > tZEQ) ! 1 1 "
i, Q(t) - / I ANSTE H(dw),
0o z"'w’ Nz (1 —w)

for all x1, o > 0, which gives the limit in (9). The limit is a combination of the
extreme residual coefficient n and the measure H*. They can be independently
chosen. It is different from the characterization in Ramos and Ledford [2009],
which has a side condition on the two components.

Remark 2.2. Note that v* has the same homogeneity property as the expo-
nent measure v, however a v* measure is defined on Borel set B such that
inf(,, 2.yeB 21 Ao > 0, while a v measure is defined on Borel set B such that
inf(,, ».yeB T1Vae > 0. Hence, any exponent measure v can act as a v* measure,
but not vice versa. A v* measure can be extended to an exponent measure if and
only if v* {(u,v) : u>x1} and v* {(u,v) : v > x2} are finite for all x1,x2 > 0.
From (13), this is equivalent to the fact that fol LH*(dw) and fol L H*(dw)
are finite. In that case, we say that H* is a finite-type measure. Otherwise, H*
1s called an infinite-type measure.

Remark 2.3. Although the original Ledford and Tawn model only requires 0 <
n < 1, we consider 1/2 < n < 1. The condition is crucial for the proof. On the
other hand, the case n > 1/2 is usually the one of interest in applications.

Remark 2.4. Theorem 2.1 gives the theoretical characterization for extreme
residual dependence in two-dimensional situation. In practice, the constructive
proof gives a method for simulating such a random vector when the measure H*
and the extreme residual coefficient n are known.
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3. Examples on extreme residual dependence in R?

We consider a few examples to demonstrate the application of the characteriza-
tion.

Example 3.1. Let H* be concentrated on 1/2 with measure 1. This is denoted
as Hy measure.

With H; measure, we get that

1
1 1 1

—_— Hi(dw) =2 — N — ).

/0 1w V 22(1 — w) 1 (dw) (xl xg)

Hence, the inequality (15) turns to be an equation in this case. To construct a
random vector with such an extreme residual dependence structure, following
the proof of Theorem 2.1, one may start by constructing (Z7,Z3) as in (7).
Note that, with H; measure, ©* = 1/2 is a constant. We get that 7, = Zy =
2R* A (R*)P =: Z. Hence, with (W, W3) given as in the proof, by denoting U; =
Wi Vv Z" for i = 1,2, (Uy,Us) exhibits extreme residual dependence structure
characterized by H; measure. Intuitively, this can be viewed as attaching a
common factor Z7 on the asymptotically independent random vector (Wy, Ws).
It is an analog of the completely tail dependent case as in bivariate EVT, i.e.
the extreme residual part exhibits the strongest dependency.

Example 3.2. Let H* be the uniform probability distribution on (0,1). We
denote Hy(w) = w.

With the uniform distribution, Hs(dw) = dw, we get that

1 2 1
1 z1tzg 1
. Hy(dw) = n . 4w
0 T1wVaza(l —w) 0 22 r1w V za(l —w)
Fites

1 xr1 + o 1 T+ X2
og ——— flog .
i) T I X2

I
|
+

In Example 3.1, we have that

"1 |
—H,(dw) = ——Hi(dw) =2 .
| i = [ Eoma) =2 <o

In Example 3.2, we have that

/01 %Hg(d’ll)) = /01 LHg(dw) = +o00.

1—w

Hence H; is a finite-type measure, while Hs is an infinite-type measure.
The last example is based on the Beta distribution.

Example 3.3. Consider a measure Héa’c) defined as
H) (dw) = c(w(1 — w))* dw,

where 0 < a < 400, and ¢ > 0 is a normalization constant.
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By taking proper normalization constant ¢ = c¢(a) such that Hga’c(a)) is a
probability measure, it is the Beta distribution with parameter a, a.
The value of a shows how much the H{*® measure concentrates on the

central part of (0,1). Obviously, the uniform distribution in Example 3.2 corre-
sponds to @ = 1 and ¢ = 1. When normalizing the Héa’c) measure to a proba-
bility measure, and taking a — +o0, the limit is the H; measure in Example
3.1. Hence, the example covers the above two.

Moreover, it can be verified that fol %H?Ea’c) (dw) and fol L H*) (dw) are

1—w
finite if and only if @ > 1. Hence for 1 < a < +o0, H?Ea’c) is a finite-type
measure, while for 0 < a <1, Héa’c) is an infinite-type measure.
Next, we calculate the explicit extreme residual dependence structure for a
few specific values of a and c.
Take @ = 1/2 and ¢ = 1/2. From

[ o,

R w T1
we have that
1
1 (1/2,1/2) 1
AV () = .
/0 1w V 291 — w) 3 (dw) /T1Z2

This is the extreme residual dependence structure in bivariate normal distri-

bution. As shown in Draisma et al. [2004], Example 2.1, a bivariate normal

distribution with mean 0, variance 1 and correlation coefficient —1 < r < 1

has extreme residual coefficient n = 1'5T, and the corresponding limit in (10) is
1

122

. Hence the density of the H* measure for the bivariate normal distribu-
dw

2/ w(l—w)’

Take o« = 2 and ¢ = 2. From

tion is

Loow(d - w)dw _ 3 ,
1 w 2(1‘1 + 1'2)2
Z1 ¥z
we have that
! 1 1
/ — " (dw) = ——.
0 :clw\/:cg(lfw) X1+ To

Clearly, this is a finite-type example.

4. Extreme residual dependence in Rd, d>3

The Ledford and Tawn model on extreme residual dependence is originally de-
fined in two-dimensional case. We generalize the definition of asymptotic inde-
pendence and extreme residual dependence to random vectors in higher dimen-
sional Euclidean space R d>3.
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In Section 4.1, we review the EVT in Rd, d > 3 and generalize the definition
of asymptotic independence in bivariate case to asymptotic joint independence
in RY, d > 3. We provide the necessary and sufficient condition on the extreme
value dependence structure corresponding to asymptotic joint independence.

In Section 4.2, we give the definition on extreme residual dependence in R,
d > 3, and show the difference from the bivariate case. Roughly speaking, in
higher dimensional case (d > 3), the extreme residual dependence condition
corresponds to asymptotic joint independence, but does not uniquely determine
the extreme value dependence structure.

In Section 4.3,we present the full characterization of extreme dependence in
R?, d > 3. Since the proof is parallel to that of the characterization in infinite-
dimensional case, but simpler, we only present the result.

4.1. Extreme value dependence in R%, d > 3 and asymptotic joint

independence
Suppose that a random vector (X7, Xo,- -, Xy) has joint distribution function
F(zy,x9,- -+ ,24). Let Fi(z;),i=1,2,--- ,d be the marginal distribution func-

tions of F'. Suppose all F; are continuous distribution functions. The distribution
function F' is in the domain of attraction of a d—dimensional extreme value dis-
tribution if and only if F; belongs to the one-dimensional domain of attraction,

and by denoting X, := #(Xi)’ there exists a positive measure v such that
tlim tP(Xl > tzy or -+ or Xy >txg) =v{(t1, -+ ,tq) i1 t1 >z 0r - Or tg >
— 00

(21)

Again, the measure v is the exponent measure. It characterizes the limiting
extreme value distribution.

For d > 3, the asymptotic independence can appear in several forms. Let us
concentrate on the case d = 3. There are three levels of extreme value depen-
dence:

1) The measure v is concentrated on the three axes. Then
lim tP(X; > tr; and X; > tx;) = 0,

t—o0

for all ¢ # j and x;, z; > 0, and hence for all z1, 2,23 >0
tlim tP(f(l >tz and X > tzs and X5 > txs) = 0. (22)

2) The measure v is concentrated on the planes {(¢1,ta,t3) : t; =0} for i =
1,2, 3, but not only on the axes. Then one or more pairs (X;, X;) are not asymp-
totically independent, but (22) still holds. For the other pairs, theory of Section
2 may apply.

3) The measure v assigns some positive measure on the open area

{(t1,t2,t3) : t1 > 0,89 > 0,t3 > 0}.

xd} .
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Then (22) does not hold. All pairs (X;, X;) are asymptotically dependent.

Hence, (22) should be considered in defining asymptotic independence in R3.
For the general case d > 3, we say that the random vector (Xq,---,Xy) is
asymptotically jointly independent if and only if

tlirrolo tP(X, > txy and --- and X, > trq) =0, (23)
or equivalently
v{(ti, - ,tq) :t1 >x1 and --- and tg > 24} =0,
for any z1,x2,--- ,x4 > 0.

From the discussion on the case d = 3, we observe that a 3-d random vector
in the domain of attraction is asymptotically jointly independent if and only if

V{(tl,tg,t3> ct1 > 0,t > 0,13 > 0} =0.
This can be generalized into the general case d > 3 as follows.

Theorem 4.1. Suppose that a random vector (Xi,---,X4) € R belongs to
the domain of attraction of a d—dimensional extreme value distribution. It is
asymptotically jointly independent as defined in (23) if and only if

v{(ti,ta, - ,tq):t1 >0 and --- and tqg >0} = 0. (24)

4.2. Extreme residual dependence in R%, d >3

In the setup of Section 4.1, if we have the asymptotically jointly independent
case, i.e. (23) holds, as an analog of the bivariate case, we can define extreme
residual dependence in R? as follows. If there exists a regularly varying function
Q(t) with index —1/n such that,

P(f(l > try and -+ and X, > txq)

lim exists positive, 25
ae Q) P (25)
for any x1, 9, - ,xq > 0, we say that there is extreme residual dependence with

extreme residual coefficient 7.

As shown in the proof of Theorem 2.1, in two-dimensional case, the combi-
nation of the extreme residual dependence condition (10) and the property on
marginal distribution functions of X, i= 1,2, automatically implies the EVT
setup, with a unique spectral measure v: ¥ must concentrate its measure on
two axes, i.e. the extreme value dependence structure under asymptotic inde-
pendence is unique. However, in the following example in case d = 3, we show
that a given extreme residual dependence structure may correspond to different
extreme value dependence structures.

Let (FE1, E2) be an asymptotically dependent random vector with standard
Pareto marginals and exponent measure vy, i.e. P(E; > z) = 1/z, for > 1,
1=1,2, and

tlim tP(Ey > txy or Eo > tws) = v {(u,v) :u >z or v > x3} > 0,
—00
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for all z1,z5 > 0. Let Fs5, E4 be two independent standard Pareto distributed
random variables. Moreover, they are independent from (E4, Es). We construct
a 3-dimensional random vector (V1, Va, V3) as

i = max(El,Ei/S)

Vy = max(Ey, E2/?)

Vs = max(Es, B2/®).
It is not difficult to verify that all marginal distributions of (V1, Vs, V3) satisty
1—Fy(t) == P(V; >t) ~ 1/t as t — o0, ie. ~ t, for i = 1,2,3.
Moreover, notice that

1
1-Fv, (t)

tlim tP(Vh > txg or Vo > txg or Vi > txg)

— 00

:tlim tP(Ey > tzy or Ey > txy or Es > txg or Ey > (tmax(xy, zo,23)%?))
—00

:tlim tP(F) > txy or Ey > txg) + tP(E3 > txs) + tP(Ey > (tmax(xy, za, x3)%/?))

1
:Vo{(u7v) U > T OI‘1}>;52}_|_$77
3

and
tlim t3/2P(V1 > txy and Vo > txg and Vi > txs)
:thm td/QP <{E1 > tx; and Fy >tz and E3 > tlL'g} U {E4 > (tmax(zl’x%xg)?)/?)})

:tlim t32P(Ey > txy and Ey > txg)P(E3 > tas) + t3/2P(Ey > (tmax(xy, 29, 13)%/?))

— lim t3/2y0{(u,v):u>x1 and v > 2} 1 1

t—00 t trs  max(zy, o, 13)3/2
_ 1
 max(xy, g, 23)3/2

Hence, (V1,Va,V3) is asymptotically jointly independent in R?, with extreme
residual coefficient 2/3.

On one hand, the extreme value dependence structure of (V4, Va2, V3) depends
on the choice of vg; on the other hand, the extreme residual dependence structure
of (V1, Va, V3) does not depend on the choice of 1. Hence, by varying the measure
vy, we could have different random vectors with the same extreme residual
dependence structure but different extreme value dependence structures.

We remark that, in the above example V; and V5 are asymptotically de-
pendent, which means that being a higher dimensional asymptotically jointly
independent random vector does not rule out the possibility of asymptotic de-
pendence within the subset of its components.
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4.3. Characterization of extreme residual dependence in Rd, d>3
Similar to the two-dimensional case, in Rd, d > 3, if the extreme residual

dependence condition (25) holds, there exists a measure v* on (0, 00)?, finite
on all sets

{(t1, -+ ,tq) : t1 > 21 and --- and tg > x4}
for z1,--- ,xq > 0 such that
) P(Xll/n>t:v1,~~ ,X;/n>t:17d) .
tlg(r)lo Q) =v" {(t1, - ,tq) :t1 > x1, - ,tqg > x4}
(26)

Clearly, for all @ > 0 and Borel set B C (0, 00)? such that infi,, ... 20)eB \/f:1 T; >
0, we have
v*(aB) = a”'v*(B). (27)

It is a homogeneity property analogous to (11) in the two-dimensional case. The
measure v* characterizes the extreme residual dependence structure.

As shown in Theorem 4.1, given the extreme residual dependence structure,
the extreme value dependence structure characterized by the exponent measure
v must satisfy the condition (24). That corresponds to a variety of potential
extreme value dependence structure. It is thus a question whether all possible
extreme value dependence and extreme residual dependence structure may oc-
cur. The following theorem gives positive answer to this question which closes
the discussion on characterization of extreme residual dependence in Rd, d> 3.

Theorem 4.2. Let (X1, Xo, -, Xy) be a random vector belonging to the do-
main of attraction of a d—dimensional extreme value distribution with continu-
ous marginal distributions and the extreme value dependence is characterized by
an exponent measure v as in (21). Suppose (X1, Xa,--+, X4) are asymptotically
jointly independent with extreme residual dependence structure characterized by
a v* measure as in (26), and a extreme residual coefficient n lying in (1/2,1).
Then v must satisfy (24), and v* must be finite on all sets

Ay wg) =1, s ta) it > 21 and -+ and tg > x4}

for xy,--- ,xq > 0 and satisfy the homogeneity condition (27).

Conversely, given any exponent measure v satisfying (24), any v* measure
finite on all sets Ay, ... »,) with the homogeneity condition (27) holds and any
n lying in (1/2,1), there exists a random vector (X1, Xa, -+, X4) belonging to
the domain of attraction of a d—dimensional extreme value distribution, with
exponent measure v, erhibiting asymptotic joint independence, and having ex-
treme residual dependence structure characterized by v* and extreme residual
coefficient 7).

We skip the proof of Theorem 4.2, because it follows similar lines as the proof
for the infinite-dimensional case in Section 5, but simpler.

Theorem 4.2 shows that for a random vector with extreme residual depen-
dence, the extreme value dependence structure, the extreme residual dependence
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structure and the extreme residual coefficient are independent. Any combination
of these three components may occur.

In case d = 3, when (X7, X2, X3) exhibits extreme residual dependence with
extreme residual coefficient n and measure v*, a lower-dimensional subsets of
the random vector, for instance (X, X2), may be asymptotically independent
or asymptotically dependent. In case (X7, X2) are asymptotically independent,
they may have an extreme residual dependence structure characterized by a
measure 15, and an extreme residual coefficient 7, 2. It is obvious that, the
extreme residual coefficient must satisfy the inequality that n < 7; 2 < 1. Similar
to the discussion above, any v*, 1/1‘72, and 7 <712 < 1 can occur. This can be
generalized to higher dimensional case, d > 3.

5. Extreme residual dependence for stochastic processes

We consider stochastic processes defined on the unit interval [0, 1]. Let {X (s)} ¢/ 1)
be a continuous sample path stochastic process, i.e. an random element in the
space C[0, 1] equipped with Loo norm |f[ 1= supe(o 17 f(s). In this section, we
generalize the definition of asymptotic joint independence and extreme residual
dependence to continuous sample path stochastic processes.

In Section 5.1, we review the EVT in C[0,1] and study the concept asymp-
totic joint independence in infinite-dimensional case. In Section 5.2, we gener-
alize the definition of extreme residual dependence into C10, 1], and give its full
characterization.

5.1. Extreme value dependence and asymptotic joint independence
in C[0,1]

Suppose a continuous sample path stochastic process {X (3)}56[0,1] belongs to
the domain of attraction of a max-stable process (for details, see de Haan
and Ferreira [2006], Chapter 9). Supopse the marginal distribution function
of X(s), Fs(x), is a continuous distribution function. The domain of attrac-
tion condition is equivalent to the combination of two conditions: firstly, F(x)
belongs to the one-dimensional domain of attraction with extreme value in-
dex 7(s), where y(s) is a continuous real value function on [0, 1]; secondly,

by denoting {X(S)}se[o,l] = {m}se[o,l]’ {X(S)}se[o,l] is also a con-
tinuous sample path stochastic process belonging to the same domain of at-
traction. EVT in (10, 1] shows that there must exist a finite measure v on
C*[0,1] :== {f € C[0,1] : £ > 0} such that for all Borel set A C CT[0,1] with
inf{|f| : f €A} >0and v(0A) =0,

Jim tP(X € tA) = v(A). (28)

A corresponding spectral measure p is given in Giné et al. [1990] (cf. Theorem
9.4.1 in de Haan and Ferreira [2006]). For any f € C*[0,1] with |f|__ > 0, we



de Haan and Zhou/Extreme residual dependence 17

write 7 := | f|_ and
fi(s) == |ff(|5) e CH0,1) :={feCl0,1]: f>0,|f|, =1}.

Then f is decomposed into (r, f1) € (0, 00) x C; [0, 1]. With such decomposition,
the exponent measure v is decomposed into a product measure as follows. There
exists a finite measure p on C;'[0, 1] with

RN ACL TR (29)
co,1]

for any s € [0,1], such that

va= [ [ . o) (30)

Again, the measures v and p are called the exponent measure and the spectral
measure, respectively. Either of them characterizes the extreme value depen-

dence for the stochastic process {X(s)} o hence {X () }se(0,1)-
seo, ’

We introduce the notation f > g (or f > ¢) to indicate that two contin-
uous function f(s) and g(s) defined on s € [0,1] satisfy that f(s) > g(s) (or
f(s) = g(s)) for all s € [0,1]. Then, the extreme value dependence structure is
equivalent to that, for any g € C*[0,1] := {f € C[0,1] : f > 0},

. S e = ) ey f
tlirgotP({X < tg} )= z/({f eCT0,1]: f < g} ) = /O;f[o,u SZI[%{)H ?dp(fl) > 0.
(31)

Similar to the definition on asymptotic joint independence in R?, d > 3 as in
23), we say that the stochastic process {X(s is asymptotically jointl
Y s€[0,1] Y y jointly

independent if and only if for any g € CT[0, 1], the following relation holds,
lim tP({X>tg})=u({feé+[o, 1]:f>g}) =0, (32)
t—oo

i.e. no information on the sets of the type {f e Cto,1]: f > g} is available.
The following theorem provide the necessary and sufficient condition on the
spectral measure which corresponds to asymptotic joint independence.

Theorem 5.1. Suppose that a continuous sample path stochastic process {X(s)}se[o’”
belongs to the domain of attraction of some maz-stable process with spectral mea-

sure p. The process is asymptotically jointly independent if and only if its spectral
measure p satisfies

p{fi € C{0,1] : inf f1(s) > 0} = 0. (33)

Proof of Theorgm 5.1 -
Denote T := { f; € C;7[0,1] : inf fi(s) > 0} and T, := {f € C;7[0,1] : inf f(s) > 1/n}.
Notice that that Ty C T, C --- C T and U2 T}, = T. The theorem follows.
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Remark 5.1. It is not difficult to verify that the condition (33) is equivalent to
[t fisdo) o
CiHo,1]
Note (cf. Ferreira et al. [2009]) that

/_ inf f1(s)dp(f1) = lim 6.,
Ci[ovl] vl=oo

1/~
0, = / (/ ff(s)ds> dp(f1),
Cfo,1] \Jselo,1]

is the so-called areal coefficient in Coles and Tawn [1996].

where

5.2. Extreme residual dependence in C[0,1]

We generalize the definition of extreme residual dependence for stochastic pro-
cesses as follows. Suppose that a continuous sample path stochastic process
{X(5)}ej0,1) Pelonging to the domain of attraction of some max-stable process
is asymptotically jointly independent, i.e. (32) holds. Analogous to (9), if there
exists a regularly varying function Q(¢) with index —1/n for some 0 < 7 < 1

such that ~
. P({X > tg})
lim ——————
0]

for any g € C1[0,1], we say that there is extreme residual dependence with
extreme residual coefficient 7.
From the definition of extreme residual dependence in (34), we get that

L ()
tlggo Q)

Hence, there must exist a measure v* on CT[0,1], finite on sets of the type
Ay ={f €Cl0,1] : f > g} for any g € C*[0, 1], such that

X1/n
- ({XQ@; )iy )

For any a > 0, it can be verified that

exists positive, (34)

exists positive.

VH(AL,) = a vt (AY).

Hence, we get that
v*(aA) = a v (A), (36)
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for all A in the o—field generated by A7.

To get a spectral decomposition of v*, we consider the following transforma-
tion. For any f € C*[0,1], since f is a continuous function, we have m(f) :=
infsepo,1) f(s) > 0. Moreover, by denoting f(s) := %, we have that fo €
Ct0,1] == {f € C*[0,1] : | f|, = 1}. Thus, any f € C*[0,1] is decomposed
into (m, f2) € (0,+00) x C}7[0,1]. For any Borel set B C C;[0,1] and any
r > 0, since

V*{f:m(f)>r,f2€B}:%u*{f:m(f)>1,f2€B}.

By denoting U*(B) := v*{f : m(f) > 1, f2 € B}, we decompose the measure
v* into a product measure on (0, +00) x C;7[0,1]. The measure v* and ¥* are
connected by

v= [ [ v, (37)
Note that
UH(CF0,1) =v* {f :m(f) > 1} =v*{f: f > 1} < <.

We have that U* is a finite measure on C;[0, 1].
Conversely, taking any finite measure ¥* on C’f‘ [0,1], we construct v* as
above. Then,

V) =V (FEC: £ > g)
:V*{fEC’[O,l]:fZ>g}
=v*{f e C[0,1] : m > sup(fag)}

AW (f2)

1

/cj[o,l] sup(f2g)
1

< — AU

- /Cj[o,u sup fz -inf g (f2)

1

— * +

Hence, for all continuous function g > 0, v*(A}) < co. Moreover, it is obvious
that the constructed v* measure satisfies the homogeneity condition (36).

To summarize, we have shown that the extreme residual dependence condi-
tion can be characterized by either a measure v* on C1[0,1] or a measure U*
on C17[0,1]. The former must be finite on all sets of the type A7 and satisfying
(36), while the latter must be a finite measure on C;[0, 1].

As shown in Theorem 5.1, when the extreme residual dependence condition
holds, the spectral measure p must satisfy the condition (33). The following
theorem shows that all possible extreme value dependence structure and extreme
residual dependence structure can occur.
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Theorem 5.2. Consider a continuous sample path stochastic process { X (s)}¢(0 1)
in the domain of attraction of a maxz-stable process with spectral measure p.
Suppose {X(S)}se[o,l] 18 asymptotically jointly independent and exhibits extreme
residual dependence characterized by an extreme residual coefficient n in (1/2,1)
and a measure W*. Then the spectral measure p must satisfy (33), and the mea-
sure U* is finite on C}7]0,1].

Conversely, given a spectral measure p satisfying (33), a finite measure ¥*
on C{[0,1], and any 1/2 < n < 1, there exists a process {X(5)}sepo,1) belonging
to the domain of attraction of a max-stable process with spectral measure p,
exhibiting extreme residual dependence characterized by the given measure U*
and having an extreme residual coefficient n.

Proof of Theorem 5.2
The first half is proved by Theorem 5.1 and the construction of ¥*. It is only
necessary to prove the inverse part. Similar to the two-dimensional case, we give
a constructive proof. The proof is staged into three steps.

Firstly, we construct a stochastic process {W(s)} ¢y, with extreme value
dependence structure characterized by p. Although this has been proved in
Theorem 9.4.1 in de Haan and Ferreira [2006], we provide our own construction
which is necessary for the proof later.

Denote ¢y = p(C;[0,1]) < oo. Then %p is a probability distribution on
C10,1]. Let Qo be a random element on C;7[0, 1] following such a probability
distribution. Let My be a random variable independent from ()¢, with distribu-
tion function P(My > x) = <2, for all > cg. Then the constructed stochastic
process W is given as

{W(s)}sep,1) = {MoQo(8)}seqo,11 - (38)

It is not difficult to verify that the marginal distributions of the stochastic
process {W(s)}¢o,q) follows that

Jim tP({W(s) > t2}) = % (39)

Furthermore, for any g € C*[0, 1]

| L . g
< = Qo
Jim tP{W < ig}") = lim tP ({MO - tsel%f,u Qo })
Co

infeep0,1) &

= / sup édp(fl)- (40)

cto,1] sef0,1] 9

Together with the marginal property (39), the process {W(s)} [ ) is in the

domain of attraction of a max-stable process with spectral measure p.
Secondly, we construct a stochastic process that accommodates the extreme

residual dependence characterized by ¥* and 7 as in the following proposition.
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Proposition 5.1. Given any finite measure ¥* on C;[0,1] and 1/2 < n < 1,
there exists a continuous sample path stochastic process {Z(s)}¢(o1) Such that,

for any g € CT[0,1],

. B 1 )
Jim P{Z > tg}) = | o S ) (41)
lim t"P(Z(s) >t) =0, forse]l0,1]. (42)

t—oo

Proof of Proposition 5.1
The proof is similar to the two-dimensional case. Denote ¢ := ¥*(C;[0,1]) < oo.
Then %\Il* is a probability distribution on Cf [0, 1]. Consider a random element,
Q in C;[0,1] following such a probability distribution. Let M be a random
variable independent from @, with distribution function P(M > z) = <, for all
x > ¢. Moreover, since 1/2 < 1 < 1, we take /3 such that 1 < 8 < 1/n. Consider
the stochastic process {Z(s)}¢(o 1) given as

ZOcon = { gy AV

It is clear that {Z(s)},c)o ) is a continuous sample path process. We check
condition (41) as follows. For any g € C*[0, 1],

s€[0,1]

tlirrolotP({Z > tg}) = tlirgotP ({M > th}ﬂ {Mﬁ >t sup g(s)})

s€[0,1]
- tlirf}o tP ({M > tsup(Qg) vV tl/ﬁ(supg)l/ﬁ})

= lim tE ¢
"= Ytsup(Qg) V /A (sup g)'/7
1
= lim AU (]
1= Joro, sup(fag) V #/07 (sup g) 1/ (f2)

AP (fa).

1
/Cl*[o,l] sup(f29)

The last equation comes from the Lebesgue dominated convergence theorem
and the fact that the last integral is finite. The proof of relation (42) follows the
same line as in the two-dimensional case. The proposition is thus proved.

The last step in our construction is to assemble the constructed {W(s)} ¢ 1)

and {Z(s)}scpo,17- Let

{U(S)}se[o,l] = {W(S) \/ Z(S)n}se[o,l] ’

where the processes {W(s)}c(o 1) and {Z(s)},¢( 1) are independent. We show
that {U (5)}se[o,1] fulfills all requirements in Theorem 5.2. To achieve that, we
check three relations:
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a) by denoting the marginal distributions of U(s) as Fs(z), we have ﬁ ~t
as t — o0; '
b) lim; . tP ({U < tg}°) = féj[o,l] SUP,e(0,1] %dp(fl), for all g € CT[0,1];
c) limy—.o tP ({UY" > tg}) = féj[o,l] SUP,e(0,1] ﬁd\ll*(fg), forallg € CT[0,1].
a) Notice that for any s € [0, 1], and = > 0,
(U(s) > ta} = {W(s) > tz} U {Z(s) > (m)l/n} .
Hence,
tP(W(s) > tx) < tP(U(s) > tx) < tP(W(s) > tx) + tP(Z(s) > (tz)'/").

Part a) is proved by the combination of (39) and (42).
b) For any g € CT[0,1], we have that

{U <tg} ={W <tg}nN{Z" < tg}.

Thus,
{U <tg}" ={W < tg}"u{Z" < tg}",

which implies that
HP (W < 1g}°) < tP ({U < tg}") < tP ({W < tg)°) + tP ({27 < 1g)°).
Considering (40), in order to prove b), it is sufficient to prove that
Jim tP({Z" < tg}“) =0.

By construction, Z(s) < M#? for all s € [0, 1]. Hence,

{Z" < tg}° C {Mﬁn >t inf g},
s€[0,1]

which implies that
tP({Z" < tg}°) < tP ({MP" > tinf g}) = O(t*~1/ ("),

From 8 < 1/, we get that 1 — 1/(8n) < 0. This completes part b).
¢) Given any g € CT[0,1], on the one hand, we have that

{Ul/77 > tg} >{Z >tg},
and on the other hand,
{Ul/” > tg}
c{Z>tglu {Wl/” > tg}

U {3s1,82 € 0,11, Z(s51) > tg(s1) and (W (52))"/" > tg(s) |
=51 U Sy U Ss.
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Considering the relation (41), in order to prove c), it is sufficient to prove that
lim;_, o tP(S;) =0, for j =2,3.

Considering the restriction (33) on the spectral measure p, and the construc-
tion of {W(s)},¢p,1) in (38), we have P(infse(o,1) Qo(s) > 0) = 0, which implies
that

P(seu[}Jf,l] W(s) >0)=0.
Because Sy C {inf,c(o,1) W(s) > 0}, we get P(S2) = 0.

The last step is on S3. By construction, Z(s) < M? and W (s) < My hold
for all s € [0,1]. The latter is implied by the fact that sup,cjo 1 Qo(s) = 1.
Therefore, we have that

S3 C {Mﬁ > tinf g and M > tinfg}.
Since M and M, are independent, we get that

tP(S3) < tP (M > (t infg)1/5> P (Mo > (tinf g)")
=tO(t~ VAot
= Ot~ V/B-m),

Froml < g<1/pand 1/2<n <1, wegetthat 1 —1/8—n<1—2n<0.Itis
thus proved that lim;_, ., tP(S5) = 0, which completes the proof of part c).

The combination of a) and b) implies that the constructed process {U(s)} ¢ (o 1)
belongs to the domain of attraction of a max-stable process with extreme value
dependence structure characterized by the spectral measure p. The combination
of a) and c) implies that {U(s)} ¢y 1) has extreme residual dependence charac-
terized by the measure U* with extreme residual coefficient . Hence, Theorem
5.2 is proved.

Remark 5.2. The extreme value dependence implies that supgcpo 1) X(s) has
an extreme value index 1, while the extreme residual dependence implies that
infsc0,1) X(s) has an extreme value index 1.

6. Modeling systemic risk in banking system

It is often observed that banking crises are systemical, i.e. banks are likely to
experience severe downside shocks simultaneously. This is called the systemic
risk in banking system. One potential explanation of systemic risk is that banks
share similar exposures to risk factors that are heavy-tailed, see, e.g. de Vries
[2005]. This argument can be shown by a simple model as follows.

Consider a simple banking system with two banks (B, By) holding portfolio
of risks on three independent risk factors C', Ly and Ly. The losses of the two
banks are given by

B =C+14

By =C+ Lo, (43)
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where (C, L1, Lo) indicates the losses generate by the risk factors. C' is regarded
as the common risk shared by By and Bs, while Ly and L5 are idiosyncratic risks
taken by individual banks respectively. Suppose (C, L1, Ly) are independent and
following heavy-tailed distributions. More specifically, we assume that L; has tail
index o and C' has tail index 3, i.e. as x — o0

P(Li>z) ~opz™®, for i=1,2,

P(C>z) ~ocax P, (44)

where o1, 00 > 0 are the scales.
To examine the existence of the systemic risk, one may compare the proba-
bility of a systemic crisis with that of an individual crisis, i.e. calculating

o~ Tim P(By >t,By > t)
"t P(By>t)

In de Vries [2005], it is shown that, when o = 3, 0 < k < 1. Hence the systemic
risk exists, the banking system is fragile.

Deviating from the assumption o = § provides other possibilities on modeling
different levels of systemic risk. The following theorem clarifies the different
extreme dependence structure in different cases.

Theorem 6.1. Consider a simple model on banking system in (43) and (44).
Suppose (C, L1, La) are all positive random variables. We have that
a) when 8 < «, (By, Ba) are completely asymptotically dependent (k =1);
b) when § = «, (B, B2) are partially asymptotically dependent (0 < k < 1);
c) when a < 3 < 2a, (By,Bs2) are asymptotically independent (k = 0),
however, by denoting B; = #(Bq) where F; is the marginal distribution of B;
fori=1,2, we have that

lim t%/*P(By > t,By > t) = 0, 0c. (45)

t—o0

d) when 5 > 2a, (B, Bs) are asymptotically independent, moreover, with the
same notation B; as in c),

Jim t?P(By > t,By > t) = 1.

Proof of Theorem 6.1
The case b) is from de Vries [2005]. We only consider the other three cases.

a) f<a
In this case, the common risk has a heavier tail than the idiosyncratic risks.
From the Feller theorem, we have that as t — oo

P(B; >t) ~ P(C >1t).
On the other hand, for any 0 < € < 1, from

{C>t}Cc{B1>t,By >t} C{C>(1—e)t}U{Ly >et,Ly >et}, (46)
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and the fact that P(Ly > et, Ly > et) = o(P(C > t)), we get that

B t, B t P(B t,B t
(B > t, 2>)§hmsup (By >t,By > t)

P(C > 1) msup ——p gy < (1=

1< litm inf r
By taking ¢ — 0, we ge that, as t — oo,
P(By >1t,By >t) ~ P(C >t) ~ P(Bz > t).

Hence x = 1.
c) a< <2
In this case, as t — oo

P(Bi > t) ~ P(Lz > t) ~opt™?.
Hence, #(t) ~ ito‘ as t — oo.
Relation (46) implies that

0< P(Bl > t,By > t)
- P(L2>t)

P(C > (1—e)t)+ P(Ly > et, Ly > ¢t)
P(LQ > t)

IN

Since > a, P(C > (1 —e)t) = o(P(L2 > t)). Thus, we get that
P(Bl >t,By > t) = O(P(L2 > t)) = O(P(BQ > t)),

ie. K =0.
Next, from (46), notice that

P(Ly > et, Ly > et) = P(Ly > et)P(Ly > t) = O(t~*)O(t™*) = o(t™?) = o(P(C' > 1)).

Similar to case b), we have that P(B; > t,Bs > t) ~ P(C > t), which implies
that
lim t°P(B; > t, By > t) = o¢.

t—o0

From the marginal tail distribution of B;, B; = I L ~ 1L B for large value

T=RB) ~ oL
of B;. We have
lim ¢7/°P(By > 1, B > t) = oo
d) 5> 2
The proof of k = 0 is similar to that in case c¢). Analogous to the proof in c),
one can verify that

P(By >t,By >t) ~ P(Ly > t)P(Ly > t) ~ 02t72*,

as t — oo. Together with the marginal tail distribution of B;, it can be verified
that ~ ~
lim t?P(B; > t,By >t) = 1.

t—o0
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Remark 6.1. In theorem 6.1, we assume that C' and L; are all positive random
variables for simplicity. Such an assumption is not essential: assuming that the
left tails of C' and L; are lighter, i.e. having a higher tail indices, than the right
tails, is sufficient for obtaining the same result.

Remark 6.2. When (B1, B2) are independent random variables, we have that
lim ?P(By > t,B >t) = lim tP(B; > t)tP(B > t) = 1.
t—o00 t—oo

Hence, the case d) is comparable with the situation that systemic risk does not
exist, while in the case c), systemic risk still exists in the residual part.

Remark 6.3. In the case c), relation (45) is comparable with (10) with n =
a/B. Due to the restriction that o < f < 2a, we have that 1/2 <n < 1.

To summarize, when the common risk factor dominates the risks taken by
the banks, the systemic risk is at the same level as the individual risk, hence,
the system is in the most fragile situation. When the common risk factor and
the idiosyncratic risks have comparable tails, the systemic risk exists, but at a
level proportional to the individual risk, hence, the system is in a less fragile
situation. When the idiosyncratic risks dominates but the common risk is still
considerably heavy, i.e. a < # < 2q, the system is in a least fragile situation,
however, the systemic risk still exists in the residual part. When the common
risk has a much lighter tail than that of the idiosyncratic risk, i.e. § > 2a, the
systemic risk does not exist.

Our extended model captures not only asymptotically dependent cases but
also asymptotically independent cases with dependence in the residual parts.
Although local financial institutions from different economic regions, bearing
their idiosyncratic risks as their major risks, do not exhibit strong fragility, a
global crisis may still lead to a systemic crash due to the dependence in the
residual parts. This explains the phenomenon observed in a global crises: all
financial institutions get a simultaneous systemic shock even though they may
not be strongly linked. When modeling systemic risk within banking system, it
is necessary to take into account dependence in residual parts, in order to avoid
underestimation of systemic risk.
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